Abstract. For a compact manifold without boundary a suspended algebra of pseudodifferential operators is considered; it is an algebra of pseudodifferential operators on, and translation-invariant in, an additional real variable. It is shown that the eta invariant, as defined by Atiyah, Patodi and Singer for admissible Dirac operators, extends to a homomorphism from the ring of invertible elements of the suspended algebra to the additive real line. The deformation properties of this extended eta homomorphism are discussed and a related 'divisor flow' is shown to label the components of the set of invertible elements within each component of the elliptic set.
Introduction
The eta invariant of the spin Dirac operator, and of the signature operator, on an odd dimensional manifold was introduced by Atiyah, Patodi and Singer [1] as the boundary correction term for their index formula on an even-dimensional compact manifold with boundary. Their definition extends directly to all 'admissible' Dirac operators and was later shown to extend to all self-adjoint elliptic pseudodifferential operators on compact manifolds without boundary. In the Dirac setting there are various further extensions to non-compact manifolds (by Brüning and Seeley [6] , by Müller [16] , by Stern [19] and in [13] ), to singular manifolds (by Cheeger [8] ) to boundary problems (by Branson and Gilkey [5] , by Douglas and Wojciechowski [9] , by Lesch and Wojciechowski [11] and by Müller [17] ), to families (by Bismut and Cheeger [3] , [2] and in [14] , [15] ) also to define 'higher' eta invariants (by Lott [12] , by Getzler [10] and by Wu [20] ). Here a somewhat different 'pseudodifferential' extension of the eta invariant is given. This is closely related to Singer's comments in [18] on the formal analogy between the index function and the eta invariant (despite their obvious differences). Here by an 'admissible' Dirac operator is meant one for which the Clifford module is Hermitian and the connection defining the Dirac operator is Clifford and unitary. The crucial property of such an admissible Dirac operator is embodied in the local index theorem, see the argument of Bismut and Freed [4] or the discussion in [13] .
As for the Dirac case, under variation of metric or connection within the class of admissible Dirac operators, the variation of the eta functional is local. More precisely there is a function, which is called here the formal trace
which vanishes for commutators and operators of order less than − dim Y. Thus it only depends on the finite symbols of an operator. It is a suspended analogue of the 'residue trace' of Guillemin and Wodzicki. Similar trace functionals have also been considered by Burns and Mazzeo in work on Hochschild homology, [7] . 
sus (Y ; E). As the name is supposed to indicate, this function has properties very similar to the spectral flow for self-adjoint operators. where the Schwartz kernel A(y, y , t) is naturally a density on Y and tr is the trace functional on hom E. The extension, (7), defined below still has the fundamental property of vanishing on commutators. In fact Tr(A) is defined in terms of the usual trace of operators on Y. The eta invariant is defined directly in terms of Tr by
Theorem 3. For each
Here t represents the operation of multiplication in the real variable in Y × R. The formal trace can be obtained from the regularized trace by
It is anticipated that this extended eta invariant will play a rôle in an index formula for b-pseudodifferential operators similar to that played by η(ð) in the formula of Atiyah, Patodi and Singer. Indeed the possible existence of such an invariant arose first in discussion with Paolo Piazza concerning the structure of this putative formula. The results as presented in this paper are in essence a by-product of discussions with Victor Nistor concerning the K-theory of algebras of the type discussed here; the author admonishes him severely for refusing to be a co-author. The relationship between the eta homomorphism described here and K-theory will be discussed elsewhere in collaboration with Victor Nistor. The author would also like to thank Xianzhe Dai, Ezra Getzler, Rafe Mazzeo and Is Singer for their assistance.
In §1 the definition and basic properties of Ψ * sus (Y ; E), the suspended algebra, are described. The indicial family of an element of this algebra, obtained by Fourier transformation in the real variable, is introduced in §2 and its behaviour is related to ellipticity of the element in §3. The basic regularized trace functional Tr is defined in §4 and is used to define the eta functional in §5. Its identity with the eta invariant of Atiyah, Patodi and Singer for admissible Dirac operators is shown in §6; Theorem 1 above follows directly from Propositions 4 and 5. The formal trace functional is investigated in §7 and used in §8 to express the variation of the eta functional; Theorem 2 is a rephrasing of Proposition 7. This variation formula is in turn used in §9 to define the divisor flow and prove Theorem 3.
The suspended algebra
Let Y be a compact manifold without boundary. We shall consider an algebra of pseudodifferential operators on Y ×R which can be thought of as the suspension of the usual algebra Ψ * (Y ) of pseudodifferential operators
mogeneous pseudodifferential operators is well defined; it is not an algebra because the growth of the kernels is unrestricted at infinity. However the elements define operators from the space of compactly support smooth functions to smooth functions
Consider the subspace of elements satisfying two conditions: translation invariance and rapid decay of the kernel.
Let T τ : Y ×R −→ Y ×R be translation in the second variable, T τ (y, t) = (y, t − τ ). Thus we consider the pseudodifferential operators satisfying
In terms of the Schwartz kernels of these operators this means that A acts as a convolution operator in the second variable
where A, as the (convolution) kernel, is a density in y . Since A is a pseudodifferential operator its kernel is only singular at the submanifold {y = y , t = 0}.
The additional constraint we place on A is that its kernel lie in the space
where S denotes the Schwartz space of sections of rapid decrease, with all derivatives, at infinity. If E is a vector bundle over Y the suspended space of pseudodifferential operators acting on sections of E can be defined by
where Hom E is the bundle over Y 2 with fibre hom(E y , E y ) at (y, y ) ∈ Y 2 . The local formula (1.3) allows one to see that Proof. This is a direct consequence of standard results on the composition of pseudodifferential operators. Notice that the topology is given by the best constants in the symbol estimates in local coordinates and the constants in the asymptotic expansions of the symbols in homogeneous terms, together with C ∞ estimates (and decay) on the kernels away from the 'diagonal' {y = y , t = 0}.
Indicial family
The * -invariance of the algebra means, by duality, that A ∈ Ψ m sus (Y ; E) extends by continuity to a continuous linear map
E). Clearly the Schwartz kernel of A(τ ) is obtained from that of A by Fourier transformation
We call this smooth 1-parameter family of pseudodifferential operators the indicial family of A. By inversion of (2.1), A itself can be recovered from the family A(τ ).
Ellipticity
The elements of Ψ * sus (Y ; E) are, by definition, 1-step polyhomogeneous (i.e., 'classical'). Thus the leading part of the locally defined symbol is a well-defined section of π
this section is homogeneous of degree m. The translation invariance of the operator implies, from the uniqueness, that the symbol too is t-translation invariant. From (1.4) this is the only constraint on the symbol, so there is a short exact sequence 
Proof. The symbol of A(τ ) is easily computed from (2.1) in terms of the symbol of A. Namely, under the decomposition .2) i.e., just the restriction to τ = 0. It follows that the symbol of A(τ ) is independent of τ and A(τ ) is elliptic if A is.
So, assuming A ∈ Ψ m sus (Y ; E) to be elliptic, standard constructions show it to have a parametrix B ∈ Ψ −m sus (Y ; E). Now, the residual algebra is
It follows from (3.1) and the multiplicitivity of symbols, i.e., 
Proof. The invertibility of A(τ ) implies that the inverse is B(τ ) + G(τ ) with G ∈ S(Y

Regularized trace
For A ∈ Ψ m sus (Y ; E), we define the regularized trace by
Here tr is the trace functional on hom E. The functional Tr vanishes on commutators and can be written in terms of the indicial family
We shall use this representation to extend the functional to Ψ m sus (Y ; E) for each m ∈ R.
has a complete asymptotic expansion as τ → ±∞: Since a is a symbol, the first statement follows directly.
Furthermore
is of trace class and
The complete asymptotic expansion of a,
where a m−j (y, η, τ ) is homogeneous of degree m − j, gives a complete asymptotic expansion of h p (τ ), as in (4.4), with
The remainder terms can be estimated in the same way. Even though the proof is written for E = R, the general case involves little more. 
As τ → ∞ this has a complete asymptotic expansion, as follows by integration of (4.4). Namely
where g (τ ) and g (τ ) are polynomials of degree at most p. To prove (4.11), it is enough to integrate (4.4) term by term and hence conclude that there is a function with the same (p + 1)-fold derivative as g p (τ ) with such an expansion. It follows that g p (τ ) itself can only differ from this function by a polynomial of degree p.
This proof actually shows that the coefficients in (4.11) depend continuously, and linearly, on the element A in the topology of Ψ m sus (Y ; E). They all define functionals on the algebra. We are interested in one in particular. Proof. It suffices to consider the effect of the increase of p. Since
for k ≥ 0 and p ≥ m + dim Y , the effect of the extra k integrals on defining g p+k is that 
Lemma 3. The functional Tr vanishes on commutators.
Thus the functional Tr is invariant under conjugation in the algebra.
Proof. If A, B ∈ Ψ * sus (Y ; E) then the indicial family of the commutator is [A, B](τ
is a sum of commutators; each term in the sum has the sum of orders reduced by 1. Proceeding iteratively ( 
Eta invariant
If
sus (Y ; E) then [AB, t] = [A, t]B + A[B, t]. If both are invertible then [AB, t](AB)
tion invariance of Tr then shows that 
η(AB) = η(A) + η(B). (5.2) Observe that the indicial family of [A, t] is
Dirac operators
Let E be an Hermitian Clifford module for a metric on Y, which has odd dimension, with a unitary Clifford connection specified. Let ð be the associated Dirac operator on sections of E; we shall describe such a Dirac operator as admissible. The differential operators 
Proposition 5. For any invertible admissible Dirac operator
is ± the eta invariant of ð as defined by Atiyah, Patodi and Singer.
Proof. Formally if 1 = (
2 )dτ is inserted into the integral in (6.2) and the t integral is carried out first, the result is
which reduces to η(ð + ). To justify this exchange of order of integration, the special properties of admissible Dirac operators, in particular the local index theorem, will be used. This means that the function
It is also exponentially decreasing as t → ∞.
Consider the integral
Moreover, as τ → ∞, it is rapidly decreasing if s > 0 and the smoothness and vanishing in (6.3) gives uniform bounds
Thus, g is uniformly a symbol of order −2 as s ↓ 0. The order of the limits in the following expression can be exchanged to show that 
On the other hand, for s = 0, this corresponds to the even part of the function in (4.10) for A with indicial family
Since the odd part does not contribute to Tr and ∂ ∂τ (±iτ + ð) = ±i, we finally conclude that
Formal trace
To capture the variation of the eta functional we define a second 'trace' functional on the suspended algebra. If A ∈ Ψ m sus (Y ; E) consider the analogue of (4.10) but with one less integral
where h p is still given by (4.3). As for the closely related 'residue trace' of Guillemin and Wodzicki, it is straightforward to give an explicit formula for the formal trace in terms of the symbol expansion for the operator. Since Tr is linear and vanishes on low order operators, it suffices to consider A of the form (4.5) with amplitude a(y, η, τ ) compactly supported, in y, in a coordinate patch over which E is trivial. 
where ω is the symplectic form on T * Y and tr is the trace functional on
Proof. It is enough to consider the case that E = R. Using (4.5) and (4.7) the formula (7.1) becomes
Then a in (7.4) can be replaced by the finite sum
Here the a m−j are homogeneous of degree m−j, and homogeneous terms of degree less than − dim Y can be dropped because of Lemma 5. It therefore suffices to consider (7.4) with one such term. Now a m−j , which we will denote by b, is homogeneous of degree greater than or equal to − dim Y. It therefore defines a locally integrable function, and hence a distribution, on R n × R n × R; this will be denoted µ (y, η, τ ) 
compact support. We know that Tr(A) is not affected by a polynomial term inh p (τ ) so the contribution of this term tog p (τ ) is asymptotically zero. Thus, Tr(A) is the coefficient of τ
Here the origin of integration has been moved to a point near which the integrand is smooth. Now the integral over R 2n is a distribution in s which is homogeneous of degree deg b + dim Y − p. The p integrals therefore give a distribution homogeneous of degree deg b + dim Y plus a polynomial. Taking the even part gives no constant term at infinity unless
In the remaining case, deg b = − dim Y ; p in (7.6) can be taken as 1.
Thus we need to compute
ds µ(y, η, s) dy dη ds for τ > 0 since this must be constant. This is the volume integral of the form
The terms on the left do not converge, separately, as L → ∞. Indeed they will in general diverge logarithmically but the coefficients of log L will cancel.
Variation of eta
The smooth dependence of Tr(A) on A shows that if A s is a 1-parameter family in Ψ m sus (Y ; E) which depends smoothly on s ∈ (− , ) and is elliptic and invertible then η(A s ) is smooth. 
is defined independent of the choice of parametrix Q s ∈ Ψ −m sus (Y ; E). It is smooth in s, since Q s can be chosen to be smooth. We proceed to a more special version of the desired result from which we then deduce the general case. 
is the winding number of the curve Id + S j (τ ) considered as a curve into GL(N ; C) where N is the rank of P j . It is therefore an integer and (9.4) follows. Moreover this function captures π 1 (GL (N ; C) ) . Thus if S is another such operator with Id +S invertible then, taking j large enough, the equality DF Id (Id +S) = DF Id (Id +S ) implies that the curves Id + S j (τ ) and Id + S j (τ ) are homotopic as curves in GL(N ; C). This homotopy can certainly be arranged to be linear in the parameter for |τ | large and hence to be the indicial family of an homotopy in A. Since the surjectivity of DF Id follows similarly, this completes the proof of the proposition.
Returning to the proof of Theorem 4 we first show that if A ∈ Ell 0 (Id)∩ Inv 0 then DF Id (A) ∈ Z. Let A s ∈ Ell 0 (Id) be a curve with A 0 = Id and A 1 = A. Choosing ρ ∈ C ∞ c (R) with ρ(t) = 1 for |t| < 1 and ρ(t) = 0 for |t| > 2 consider the family with kernels A s (y, y , t)ρ(t/n). For n sufficiently large, Aρ(t/n) must still be invertible since (1−ρ(t/n))A −→ 0 in S(Y 2 × R; ΩY ⊗ Hom E). Thus we can assume that all the A s have (uniformly) compactly supported convolution kernels. Theorem 3 is an immediate consequence of Theorem 4.
